We investigate linear, spin-field perturbations of Kerr black holes in the extremal limit throughout the complex-frequency domain. We calculate quasi-normal modes of extremal Kerr, as well as of near-extremal Kerr, via a novel approach: using the method of Mano, Suzuki and Takasugi (MST). We also show how, in the extremal limit, a branch cut is formed at the superradiant-bound frequency, ωSR, via a simultaneous accumulation of quasi-normal modes and totally-reflected modes. For real frequencies, we calculate the superradiant amplification factor, which yields the amount of rotational energy that can be extracted from a black hole. In the extremal limit, this factor is the largest and it displays a discontinuity at ωSR for some modes. Finally, we find no exponentially-growing modes nor branch points on the upper-frequency plane in extremal Kerr after a numerical investigation, thus providing evidence of the mode-stability of this space-time away from the horizon.
I. INTRODUCTION
Extremal (i.e., maximally-rotating) Kerr black holes play a special role within theories of gravity. From a theoretical point of view, the Bekenstein-Hawking entropy for extremal black holes can be reproduced via a counting of microstates within String Theory [1] . Furthermore, extremal black holes exhibit a near-horizon enhanced symmetry [2] , which has led to the Kerr/Conformal Field Theory correspondence conjecture [3] . Extremal black holes also enjoy a special place in relation to the (weak) Cosmic Censorship conjecture [4] , in the sense that they are the "last frontier" between rotating black holes and naked singularities. From an observational point of view, there is evidence of astrophysical black holes which are highly spinning [5] [6] [7] , for which exact extremality cannot be excluded. Interestingly, high spins lead to a distinct observational feature in the gravitational waveform when a particle is in a near-horizon inspiral into a nearextremal Kerr (NEK) black hole [8] or into an extremal Kerr black hole [9, 10] .
An important feature of a black hole is its quasinormal mode (QNM) spectrum. QNMs describe the exponentially-damped, characteristic "ringdown" of a black hole when perturbed by a field [11] (see, e.g., [12] for a review). Such ringdown was actually observed in the late-time regime of the gravitational waveforms detected by the Laser Interferometer Gravitational-Wave Observatory [13] . Physically, QNMs are field modes which decay exponentially with time and possess no incoming radiation: they are purely ingoing into the event horizon and purely outgoing to radial infinity. Math-ematically, QNMs correspond to poles in the complex frequency (ω ∈ C) plane of the Fourier modes of the retarded Green function of the equation obeyed by the field perturbation. The real part of these QNM frequencies determines the characteristic frequencies of vibration of the black hole, while the (negative 1 ) imaginary part determines the exponential decay rate of the modes.
It has been observed that, as extremality is approached, QNMs accumulate towards a real frequency ω = ω SR [14] , thus forming a branch cut (BC) in the extremal case itself [15, 16] . This frequency ω SR is in fact the largest frequency that a (boson) field wave can have in order to be able to extract rotational energy from a rotating black hole -this phenomenon of extraction of rotational energy is known as superradiance [17, 18] . Although superradiance exists for any rotating black hole, it is particularly interesting to study it in the extremal limit since the closer the black hole is to extremality, the larger is the amount of rotational energy that can be extracted from it.
quences for the stability properties of rotating black holes. For example, superradiance is associated with exponentially-growing mode instabilities of rotating black holes in certain settings. These settings include (i) massive field perturbations [26] [27] [28] , and (ii) massless field perturbations when the black hole is either surrounded by a mirror [29] or in an asymptotically anti-de Sitter Universe [30] . In this paper, however, we shall consider massless field perturbations in Kerr space-time (so asymptotically flat and without a mirror), to which we shall restrict ourselves from now on.
Sub-extremal Kerr is known to possess no exponentially-growing modes obeying the physical boundary condition of no incoming radiation (i.e., modes corresponding to poles of the Green function but, unlike QNMs, with a frequency that has a positive imaginary part) [31] . In fact, the full (i.e., non-modal) linear stability (decay of the field and its derivatives to arbitrary order) of sub-extremal Kerr has been proven under scalar perturbations up to and including the event horizon [32] .
As for extremal Kerr, Aretakis found that transverse derivatives of the full scalar field in the axisymmetric case diverge on the horizon of an extremal Kerr black hole [33] (see [34] for an earlier, similar result in the case of an extremal Reissner-Nordström black hole). A similar result was obtained for electromagnetic and gravitational perturbations in [35] . In [36, 37] it was shown that this blowup is due to the extra, superradiant BC in extremal Kerr. Refs. [36, 37] also showed that the superradiant BC leads to an even "stronger" blow-up in the non-axisymmetric case, although it is power-law in both the axisymmetric and non-axisymmetric cases. Away from the horizon of extremal Kerr, the decay of the full linear field in the axisymmetric case has been proven in [38] for the scalar field and in [39] for the gravitational field. With regards to generic (i.e., including non-axisymmetric) perturbations away from the horizon, there is evidence of stability coming from mode analyses. Despite these important results for extremal Kerr space-times, neither their linear stability (whether modal or non-modal) away from the horizon nor a bound on the rate of the blow-up on the horizon have, to the best of our knowledge, been proven yet for non-axisymmetric perturbations. In other words, there is no yet proof that in extremal Kerr there exist no unstable modes with m = 0, whether as poles or as branch points of the Green function in the upper frequency plane. We note, however, that there exists numerical support for the non-existence of such modes: in [40] by numerically solving the equation obeyed by azimuthal-m mode field perturbations, and in [41, 42] by numerically looking for poles of the Green function in the upper complex-frequency plane and not finding any.
In this paper we carry out a thorough investigation of massless, integer-spin field perturbations of extremal Kerr black holes in the complex-frequency plane. We accompany this investigation with a similar one in NEK, which helps understand better the results in extremal Kerr. In particular, we numerically look both for poles and branch points of the retarded Green function in the upper frequency plane in extremal Kerr and report that we do not find any (in the case of poles, this is in agreement with [41, 42] ). We also give a simple analytical argument against the existence of poles in the upper plane. The result of our investigation supports the mode stability of extremal Kerr away from the horizon and no instability on the horizon other than the power-law of the Aretakis phenomenon.
With regards to the lower frequency plane, we calculate and tabulate QNM frequencies for both NEK and extremal Kerr black holes. To the best of our knowledge, Richartz's [42] is the only work in the literature where QNMs of extremal Kerr black holes have been calculated. We reproduce Richartz's QNM values, extend the precision to 16 digits and obtain new frequencies for higher overtones (i.e., for larger magnitude of the imaginary part of the frequency). Furthermore, we provide values for QNMs in extremal Kerr which were missed by [42] in extremal Kerr as well as by analyses [45, 47] in NEK -notably, for the important gravitational modes with = m = 2 and 3 (the first one was observed -although not tabulated -in NEK in [43] , the latter was not). Similarly, in NEK, our QNM values extend the precision to 16 digits of those tabulated in [44] and we include values for extra modes (particularly for the socalled zero-damping modes [45] ). We also show the interesting way in which the extra superradiant BC forms in the extremal limit. Namely, it forms via an accumulation of, not only QNMs, as had been previously observed, but also totally-reflected modes (TRMs). Our calculation in NEK also serves to illustrate the intricate structure of QNMs which has already been observed in the literature [14, [45] [46] [47] [48] and to validate our method and results.
Finally, on the real-frequency line, we calculate the superradiant amplification factor in sub-extremal Kerr and, for the first time to best of our knowledge, in extremal Kerr. This factor allows us to quantify the maximum amount of energy that can be extracted from a rotating black hole via superradiance. We show that, in extremal Kerr, the amplification factor is, for some modes, discontinuous at the superradiant-bound frequency, as predicted by the asymptotic analyses in [17, 49] .
To carry out our investigations we used the semianalytic method of Mano, Suzuki and Takasugi (MST), which was originally developed for sub-extremal Kerr in [50] [51] [52] and recently developed for extremal Kerr in [16] . To the best of our knowledge, this is the first time that the MST method has been used for calculating QNM frequencies for any black hole space-time 2 . In this paper we point to advantages that this new approach for calculating QNM frequencies has over the standard Leaver method [54] in sub-extremal Kerr and its adaptation in [42] to extremal Kerr. The layout of the rest of the paper is as follows. In Sec.II we introduce the basic quantities for linear spinfield perturbations of Kerr black holes. In Sec.III we briefly describe the method used for obtaining our results: both the MST method and the method for searching for poles of the Green function. There, we also give asymptotics near the two branch points in extremal Kerr (namely, ω = 0 and ω SR ). In Sec.IV we calculate the superradiant amplification factor in sub-extremal and extremal Kerr. In Sec.V we calculate QNMs in NEK and in Sec.VI we investigate the presence and formation of BCs in (sub-)extremal Kerr. In Sec.VII we calculate QNMs and search for unstable modes in extremal Kerr. We conclude with some comments in Sec.VIII. In Appendix A we investigate various specific frequencies, including the socalled algebraically-special frequencies [55, 56] . Finally, appendixes B and C contain tables of QNMs in, respectively, NEK and extremal Kerr.
We choose units such that c = G = 1.
II. LINEAR PERTURBATIONS
A Kerr black hole is uniquely characterized by its mass M and angular momentum per unit mass a. Using BoyerLindquist coordinates {t, r, θ, ϕ}, the Kerr metric admits two linearly-independent Killing vectors: ∂ t (stationarity) and ∂ ϕ (axisymmetry). The Boyer-Lindquist radii of the event horizon and the Cauchy horizon of the black hole are respectively given by
The angular velocity of the event horizon Ω H and the Hawking temperature T H are
Clearly, for a > M there is no event horizon and the Kerr metric would correspond to a rotating naked singularity. Thus, the maximal angular momentum that a rotating black hole can have is a = M , in which case it is called an extremal Kerr black hole. In an extremal black hole, the Boyer-Lindquist radii of the event and Cauchy horizons coincide (r + = r − = M ), the angular velocity is Ω H = 1/(2M ) and the temperature is zero (T H = 0). In this paper we consider linear massless-field perturbations with general integer-spin s (= 0, ±1 and ±2 for, respectively, the scalar, electromagnetic and gravitational field) of Kerr black holes. Teukolsky [57] managed to decouple the equations obeyed by such field via the Leaver method [54] ).
perturbations. Furthermore, assuming a field dependence on the time t and azimuthal angle ϕ of the type e −iωt+imϕ , with frequency ω ∈ C and azimuthal number m = − , − + 1, . . . , , Teukolsky showed that the equations separate into two ordinary differential equations (ODEs): one for a radial factor R s mω and the other for a polar-angle factor. The separation constant λ s mω is the angular eigenvalue, which is partly labelled by the multipole number = |s|, |s| + 1, |s| + 2, . . . . The polarangle factor is a spin-weighted spheroidal harmonic [58] ; the radial factor we deal with in the following subsections. To reduce cluttering, henceforth we shall use the subindex Λ ≡ {s, , m, ω}.
The retarded Green function of the Teukolsky field equation serves to evolve initial data to its future. Similarly to the field, the Green function may be decomposed into radial modes g Λ , thus involving an integral over (just above) the real frequency line. Leaver [19] carried out a spectral decomposition of the Green function in Schwarzschild space-time by deforming this integral into the complex frequency plane -for a similar decomposition in Kerr, see, e.g., [22, 59] . In this paper we use this spectral decomposition in Kerr space-time.
A. Extremal Kerr
Specifically in the extremal Kerr case, the radial factor R Λ of the perturbations obeys the ODE
Here, we have defined a shifted radial coordinate x ≡ r − M and a shifted frequency
This second-order, linear ODE possesses two irregular singular points: at infinity (x = ∞) and at the horizon (x = 0). Henceforth, and following Leaver [19, 54, 60] , we shall set M = 1/2, so that, in particular,
2) admits two linearly independent solutions. The ones used to construct the retarded Green function are R in Λ , which is purely-ingoing into the horizon, and R up Λ , which is purely-outgoing to infinity. Specifically, these "ingoing" and "upgoing" solutions are respectively defined by the following boundary conditions:
and are incidence/reflection coefficients of, respectively, the ingoing and upgoing solutions. Using these solutions, we can define the following constant "Wronskian":
The radial modes of the retarded Green function can then be expressed as [16, 19, 22, 60, 61] . This branch point is due to the irregular character of the singularity of the radial ODE at r = ∞. It is also known that R in Λ possesses a branch point at ω = m (i.e., k = 0) in extremal Kerr [16, 19] . This extra branch point is due to the irregular character of the singularity of the ODE at r = r + . These branch points at ω = 0 and m in the radial solutions in extremal Kerr carry over to the Wronskian W Λ as well as to the Green function modes g Λ 3 .
Physically, the contribution to the field perturbation from the BC to leading order near ω = 0 is known to decay at late-times as a power-law, both in subextremal [19, 22, 61] and extremal Kerr [16] . In its turn, the contribution to the field perturbation of extremal Kerr from the BC to leading order near k = 0 also decays as a power-law off the horizon [16] , while it gives rise to the Aretakis phenomenon on the horizon [36, 37] . It has also been observed in [37] that the Aretakis phenomenon may be viewed as a consequence of the enhanced symmetry which the near-horizon geometry of extremal Kerr (NHEK) possesses: the isometry group of NHEK is SL(2, R) × U (1) [2] , as opposed to the two-dimensional isometry group of the full Kerr geometry which is formed from the Killing vectors ∂ t and ∂ ϕ .
B. Sub-extremal Kerr
Since we will also be showing results in sub-extremal Kerr, we conclude this section by introducing the basic quantities that we need in the sub-extremal case. One can define the following linearly-independent solutions of the radial Teukolsky equation in sub-extremal Kerr: 
III. METHOD AND ASYMPTOTICS
We now describe the method which we use to obtain our results. In the first and second subsections we briefly review the MST method in, respectively, extremal and sub-extremal Kerr. In the third subsection we explain how we carried out the search for poles in the complex frequency plane. In the last subsection we give asymptotics of the Wronskian in extremal Kerr near the branch points. For details of the MST method in subextremal and extremal Kerr, we refer the reader to, respectively, [22, 52] and [16] , and references therein. We note that the MST method is developed for Re(ω) ≥ 0 but we may use Eq.(3.17) below (and its extremal Kerr counterpart) to cover the whole plane.
A. MST method in extremal Kerr
The MST method in extremal Kerr essentially consists of expressing the solutions of the radial ODE (2.2) as infinite series of confluent hypergeometric functions, with the same series coefficients a ν n (see Eq.(3.7) below) for both the ingoing and upgoing solutions. This allows for obtaining the following expression for the Wronskian [16] :
with p an arbitrary integer,
5) and
Here, (z) j ≡ Γ(z+j)/Γ(z) denotes the Pochhammer symbol. The coefficients a ν n satisfy the following three-term bilateral recurrence relations:
where
Finally, ν is the so-called renormalized angular momentum parameter. Its value is chosen so that the solution a ν n of the recurrence relation in Eq.(3.7) is minimal (i.e., a ν n is the unique -up to a normalization-solution of the recurrence relation which is subdominant with respect to the other solutions) both as n → ∞ and as n → −∞. In practise, the value of ν may be found by imposing the condition:
. We note that Eqs.(3.7) and (3.9) satisfied by a ν n and ν agree with the extremal limit of their sub-extremal counterparts, which are given in Eqs. (123) and (133) in [52] . The choice of n in Eq.(3.9) is arbitrary and henceforth we choose it to be n = 1.
Although ν has been introduced here via the MST method, it is in fact a rather fundamental parameter. For example, it yields the monodromy of the upgoing solution around r = ∞ [65] . Also, ν c (ν c + 1) is the eigenvalue of the Casimir operator of the sl(2, R) factor in the algebra of NHEK [66] , where we have defined ν c ≡ ν(k = 0). As we shall see, ν plays a pivotal role in the physics of extremal black holes and so here we describe some of its properties. Firstly, ν is either real-valued or else complex-valued with a real part that is equal to a halfinteger number [52, 67] ). This property readily follows for ν c from the analytical result shown in [16] that 10) and the fact that λ s mm ∈ R; one is free to choose the sign in Eq.(3.10). It is thus convenient to define
following [17, 49] . Clearly, δ 2 SR < 0 if ν c is real-valued and δ 2 SR > 0 otherwise. As we shall see throughout the paper, various properties of quantities will depend on the sign of δ 2 SR -we collect these properties in Table I . In Sec.V A 1 we discuss the modes for which δ 2 SR is positive and for which it is negative. Numerically, we have observed that ν c is non-integer except in the axisymmetric case m = 0, for which it is λ s 00 = ( + 1) − s(s + 1), and so either ν c = or ν c = − − 1, and δ 
Let us here indicate how we performed the practical calculation of the renormalized angular momentum ν and the angular eigenvalue λ Λ . An alternative to calculating ν via Eq.(3.9) is by using the monodromy method described in [65] . Ref. [65] provides the weblink [68] to a MATHEMATICA code which we used for calculating ν . As for the calculation of λ Λ , we used the Mathematica function SpinWeightedSpheroidalEigenvalue in the toolkit in [69] (for s = 0, one may also use the corresponding in-built MATHEMATICA function).
We end up this subsection by noting that, to the best of our knowledge, the MST method has never been used before for calculating QNM frequencies themselves. One of the most standard methods for calculating QNMs is the continued fraction method which Leaver introduced in [54] . This method was later also used in, e.g., [44, 45, 47] , for obtaining QNM frequencies in sub-extremal Kerr space-time. Ref. [42] adapted Leaver's method to the case of extremal Kerr. We note that this adaptation is not guaranteed to work at ω = m. In its turn, the infinite series in the MST expression (3.1) for the Wronskian in extremal Kerr converges faster the closer the frequency is to ω = 0 or to ω = m [16] . Therefore, the MST method in extremal Kerr is probably more suitable near ω = m than the adaptation of Leaver's method in [42] .
B. MST method in sub-extremal Kerr
The asymptotic radial coefficients in sub-extremal Kerr may also be obtained via MST expressions. Specifically, the incidence coefficient B [52] , where
Simple poles of this Γ-factor, therefore, correspond to simple poles of both B . Therefore, the modes corresponding to these poles are, in principle, totally-reflected modes (TRMs). Such potential poles in B inc Λ carry over to the Wronskian, and we remove them "by hand" by defining the following "Wronskian factor": 14) where, for calculational convenience, we have also included some extra factors. As can be expected, the removal of the above Γ-factor is rather convenient for practical purposes, as we shall explicitly see in Sec.V A 2.
C. Search for poles
The expression in Eq.(3.1) (as well as its sub-extremal counterpart) for the Wronskian is only valid for Re(ω) ≥ 0. In order to investigate the region Re(ω) < 0, one may use a symmetry that follows from the angular equation,
in order to obtain the following radial symmetry 16) and similarly for R in/up Λ . This symmetry implies that the Wronskian satisfies: 17) and similarly for W Λ , and that the QNM frequencies satisfy:
Furthermore, by virtue of the so-called TeukolskyStarobinsky identities [70, 71] , which relate radial solutions with spin s to radial solutions with spin "−s", the QNM frequencies are the same for spin s and for spin "−s", as long as the frequency is not an algebraicallyspecial frequency [72] -see App.A 3 for a description and calculation of algebraically-special frequencies.
As mentioned above, both QNMs and exponentially unstable modes are poles of the Green function modes and so zeros of the Wronskian. However, in practise, we looked for minima -instead of zeros-of the absolute value of the Wronskian. From the minimum modulus principle of complex analysis, if a function is analytic in a certain region, a point is a zero of that function within that region if and only if it is a local minimum of the absolute value of the function (e.g., [73] ). The Wronskian is not analytic everywhere in the complex frequency plane: it has poles and branch points. However, poles can clearly not correspond to minima of |W Λ |. In their turn, branch points of W Λ could correspond to local minima of |W Λ | which are not zeros, but they could easily be discarded by spotting the appearance of a discontinuity stemming from such points.
The minimization routine that we chose to use is the Nelder-Mead method [74] . We obtained the initial guesses for minima of |W Λ | in the Nelder-Mead method in the following way. First, we calculated |W Λ | over a grid of frequencies in a region of the complex plane. We chose the grid stepsizes ∆ω r and ∆ω i in, respectively, 2M Re(ω) and 2M Im(ω), large enough so that we could manage to cover in practise the region chosen, yet small enough so as to try to not miss any minima. More specifically, we picked ∆ω r = 0.01 for all cases shown later except for a = 0.998M , s = −2, = 2, m = 1, for which we picked ∆ω r = 0.005; for ∆ω i we picked values between 0.0005 and 0.01, depending on the case (App.A 2 is also an exception -we state there the values chosen). Finally, we picked the frequencies ω k , k = 0, 1, 2, . . . , in the grid which yield (local) minima of |W Λ | among its values on the grid. Each one of these frequencies ω k is an initial guess for a minimum of |W Λ |.
For each guess ω k , the Nelder-Mead method requires three initial points. As these initial points we chose: ω k + ζ e j2πi/3 , j = 1, 2 and 3, and we chose a value of ζ > 0 which is smaller than min{∆ω r , ∆ω i }. We then applied the Nelder-Mead method for each ω k with the corresponding three initial points and we required 16 digits of precision in both the imaginary and real parts of the zeros of |W Λ |.
We similarly applied the above procedure to the Wronskian factor W f Λ (Eq.(3.14)) in sub-extremal Kerr.
D. Wronskian near the branch points in extremal Kerr
As mentioned in Sec.II A, the Wronskian possesses branch points at ω = 0 and k = 0 in extremal Kerr. As mentioned in Sec.III A, the MST method is particularly suited near these points and so we use it here to give the analytical behaviour of the Wronskian near these points. The asymptotics we give follow readily from the MST expressions in [16] and will help explain various features which we shall see in the next sections.
First, near the origin, and for m = 0, it is
19) for some coefficients c 0 , c 1 and c l which do not depend on ω (although they generically depend on and m). In its turn, to leading order near the superradiant-bound frequency, it is
where, for m > 0 (for m < 0 one may use Eq.(3.17))
, (3.21) and
In the case m = 0, the superradiant-bound frequency is located at the origin and we have
approached with Re(ω) ≥ 0, where
and c ≡ 2
The asymptotics in Eqs. (3.19) and (3.20) manifestly show that ω = 0 and k = 0 are branch points of the Wronskian 4 and a BC is taken to run vertically "down" from each one of these points.
The asymptotics in Eq. (3.20) show that, for m > 0,
After describing the method that we used and giving the asymptotics near the branch points, we turn to the results of our calculations.
IV. SUPERRADIANCE
Superradiance is the phenomenon, originally observed in [17, 18, 49] , whereby a field wave which is incoming from radial infinity and is partially reflected may extract rotational energy from a rotating black hole. It can be shown that, for a field mode with frequency ω ∈ R and azimuthal number m ∈ Z, superradiance occurs if and only if the condition ω · (ω − ω SR ) < 0 is satisfied, where ω SR ≡ mΩ H (which is equal to m in extremal Kerr). In order to "quantify" superradiance, it is useful to define the so-called amplification factor:
where E in and E out are the energy of, respectively, the incident and the reflected part of the wave. For our purposes, it is convenient to write the amplification factor in terms of the Wronskian. This is readily achieved by using the expressions in [75] and Eqs.5.6-5.8 in [70] , which relate the coefficients at the horizon with the coefficients at infinity. The result is
2) with ω ∈ R. We wrote the amplification factor in terms of the sub-extremal Wronskian W Λ , but Z Λ in extremal 4 The leading order Eq.(3.23) does not show a BC for m = 0 but a BC is expected to appear at a higher order.
Kerr is also given by Eq.(4.2) with W Λ replaced by the extremal W Λ . From the symmetries in Eq.(3.16) it readily follows that Z s mω = Z s, ,−m,−ω , ∀ω ∈ R. Also, the amplification factor is independent of the sign of s:
Refs. [17, 49] (see also [70] ) obtained asymptotic expressions for Z Λ in the following two regimes: (i) [70] ).
Using the MST method described in the previous section, we calculated the Wronskian and, via Eq.(4.2), the amplification factor. First, as a check, we reproduced Fig.12 in [75] for the case of s = 0, = m = 1, a = 0.99M . We then studied new cases. In Figs.1-3 we plot the exact, numerical values of Z Λ in sub-extremal and extremal Kerr and compare them against the asymptotics in (i) and (ii) mentioned in the above paragraph. We find good agreement between our values and the two asymptotic expressions in their corresponding regimes of validity.
The asymptotics of the extremal Wronskian in Eq.(3.25) lead to two distinct behaviours of the amplification factor in Eq.(4.2) in extremal Kerr depending on whether δ 2 SR is positive or negative. In the case that δ 2 SR < 0, we have that Z Λ → 0 as k → 0 and Z Λ is continuous at k = 0. This agrees with the asymptotics in (ii), which also show that, in this case, Z Λ varies monotonically. We exemplify the case δ 2 SR < 0 in Fig.3(a) . In the case that δ . With regards to the discontinuity, we can see its formation in Fig.1 and its presence in Fig.2 : as extremality is approached, the slope of Z Λ near ω = ω SR increases until a discontinuity is reached in the actual extremal limit.
Whereas the amplification factor in subextremal Kerr has been calculated in an exact numerical manner in, e.g., [49, 70, 75] , to the best of our knowledge, this is the first work where this is achieved in extremal Kerr. The amplification factor for a rotating Kerr black hole is the largest in extremal Kerr, such as in the cases that we plot in Figs.2 and 3 . In extremal Kerr, we obtain that the largest (percentage) value of Z Λ is approximately equal to 4.3640% for s = = m = 1 and to 137.61% for s = = m = 2 (cf. the values in [49, 75] ).
In this section we considered ω real; from now on we shall consider ω to be generally complex.
V. MODES IN NEAR-EXTREMAL KERR
In this section we turn to QNMs (Sec.V A) and TRMs (Sec.V B) in NEK and so we consider Im(ω) < 0 (we remind the reader that, in subextremal Kerr, no exponentially-unstable modes exist [31] , and so no poles of the Green function modes exist for Im(ω) > 0).
A. QNMs in NEK
In order to understand the limit to extremal Kerr, we describe in the first subsection the properties of QNMs in NEK which were derived in [14, 45-48, 54, 76, 77] . In the second subsection, we present our numerical calculation of these modes, showing agreement with results in the literature. This agreement validates our implementation of the MST and Nelder-Mead methods for calculating QNMs. We shall turn to QNMs in extremal Kerr in Sec.VII A. We note that in that section we will find QNMs in the extremal case for mode parameters (namely, spin-2 field with = m = 2 and 3) which the above analyses in NEK missed to find.
Properties of QNMs in NEK
It was shown in [45] that two families of QNMs branch off from the same family of QNMs as a approaches extremality: zero-damping modes (ZDMs) and damped modes (DMs). As a → M , the ZDM frequencies tend to ω SR , and so their imaginary part tends to zero, as their name suggests. The imaginary part of DM frequencies, on the other hand, tends to a finite value as a → M . We next give some properties of these two families.
Let us start with the ZDMs. These modes are present for all values of and m. ZDMs are associated with the near-horizon geometry. For example, it can be shown that, in the eikonal limit 1, ZDMs reside on the extremum which the potential of the radial equation 
1) where δ SR is taken to be the principal square root in Eq.(3.11) (so a positive number if δ 2 SR > 0 and with a positive imaginary part if δ 2 SR < 0) and n = 0, 1, 2, . . . Eq.(5.1) yields two slightly different behaviours for the leading order, as a → M , of the imaginary part of the frequencies: it is "−2πT H (n + 1/2)" for the modes with δ 2 SR > 0, and it is even more negative for the modes with δ 2 SR < 0. As a → M , the temperature goes to zero and so the imaginary part of the frequencies in Eq.(5.1) goes to zero. The property that ω = ω SR is an accumulation point for the ZDM family of QNMs in the extremal limit was originally shown analytically in [14] and corroborated numerically later in [54] . Despite it being an accumulation point for QNMs, which possess no incoming radiation (i.e., B inc Λ = 0), the mode at ω = ω SR itself does possess incoming radiation (i.e., B inc Λ = 0) in extremal Kerr. This can be seen from a basic conservation-of-energy argument which, in fact, also applies to all real-frequency non-superradiant modes in either extremal or sub-extremal Kerr [36, 41, 70] . In sub-extremal Kerr, this result has been extended to the superradiant regime: the only mode with ω ∈ R and no incoming radiation is the trivial mode [79] . This then implies the non-existence of exponentially-growing modes in sub-extremal Kerr [64, 79] , a result which had been previously proven in [31] in a different way.
The accumulation of ZDMs near the superradiant bound frequency leads to certain physical features. Away from the horizon, it leads to a temporary power-law decay of the field at early times [15, 47] , which then gives way to the characteristic QNM exponential decay, before ending up in a power-law decay due to the origin BC [25] . Near the horizon, the accummulation of ZDMs leads to a transient growth of the field [80] . Also, this accummulation leads to a distinct observational feature in the gravitational waveform in a near-horizon inspiral [8, 10] , as we mentioned in the Introduction.
Let us now turn to DMs. Although we are not aware of an actual proof, the exact calculations in the literature and in this paper seem to suggest that DMs satisfy the following properties:
(i) they have |Re(ω mn )| > |ω SR |;
(ii) they originate from lower overtones within the family of QNMs at smaller a.
Refs. [47, 76] obtained large-WKB asymptotics for the values of the frequencies of DMs. In this eikonal limit, it has been shown that DMs reside near the maximum of the radial potential outside the horizon, whenever such a maximum exists. Still in the eikonal limit, the condition for the existence of such a maximum and, equivalently, for the existence of DMs, is µ < µ c , where µ ≡ |m|/( + 1/2) and µ c ≈ 0.74. For general and m, the condition for the existence of a maximum outside the horizon is
Refs. [45, 47] Fig.3 in [43] shows that for −s = = m = 2 there is a QNM with finite imaginary part, even though it satisfies F 2 s > 0, as can be readily checked. This QNM possesses the properties opposite to (i) and (ii) above. Furthermore, this QNM is not the only one with finite imaginary part for which Eq.(5.2) is not satisfied, and which has the property opposite to, at least, (i) abovewe shall see in Sec. VII A that is the case in extremal Kerr for s = −2 and = m = 3. Therefore, from the exact calculations in the literature and in this paper, it seems that there exist QNMs with negative imaginary part always when Eq.(5.2) is satisfied, and also, at least in some cases, when Eq.(5.2) is not satisfied. In this paper, we shall continue to refer to the former ones (i.e., those that necessarily exist when F 2 s < 0) as DMs and we shall refer to the latter ones (i.e., those which may exist when F 2 s > 0) as "non-standard DMs" (NSDM) 8 . It also seems (although we are not aware of an actual proof) that DMs satisfy properties (i) and (ii) above whereas NSDMs satisfy the opposite properties.
We note that for m < 0 and Re(ω) > 0 -or, equivalently, for m > 0 and Re(ω) < 0, by virtue of the symmetry (3.12) -there exist the standard QNMs, with a finite imaginary part but without being "partnered up with" ZDMs (i.e., these standard QNMs and the ZDMs did not branch off from the same family of modes at smaller a).
We finish this subsection by relating various conditions which we have mentioned. Firstly, it has been checked numerically that δ 2 SR < 0 ↔ F 2 s < 0. This has been checked for a large set of modes with s = 0 and "−2" in [45, 47] and for a set of modes with |s| = 0, 1 and 2 by us. Secondly, [45, 47] show that the equivalence µ < µ c ↔ F 2 s < 0 holds for most modes that they checked 8 We note that it has been argued in [86, 87] that DMs may exist even for F 2 s < 0: see Eq.(A2). However, a search for these specific suggested modes was carried out in [42, 48] and they were not found. In App.A 2 we report a similar negative search for such modes. We also note that the s = −2 QNMs for = m = 2 and 3 would lie to the left of the BC, whereas the suggested modes in Eq.(A2) lie to the right of the BC.
with s = 0 and "−2" but does not hold for a few modes. Similarly, we checked that, for |s| = 1, the equivalence µ < µ c ↔ F 
Calculation of QNMs in NEK
Let us now turn to our calculation of QNMs in NEK. The contourplots of the Wronskian factor (3.14) (to be precise, of log 10 |W f Λ |) in Fig.4 shows the accumulation of ZDMs near ω = ω SR . The only case with F 2 s > 0 in that figure is that in Fig.4(c) . In this case, within the analyzed region of the complex plane, we found no DMs -as expected -and no NSDMs. The top two plots correspond to plots in Fig.7 in [47] (Fig.4(c) has a slightly larger value of a than a plot in Fig.7 in [47] ).
We note that Fig.7 in [47] shows contour plots of Leaver's continued fraction. Apart from the QNMs, their plots show poles in the continued fraction, which can be "very close" to the QNMs. In our Fig.4 , on the other hand, we plot the Wronskian factor W f Λ and it does not display poles near the QNM frequencies. This is due to having defined W f Λ in Eq.(3.14) by removing a Γ-factor in W Λ which, as it seems, contains its poles -see Secs.III B and V B. This can be seen as an advantage of our approach, since the poles in Leaver's continued fraction become arbitrarily close to ω mn , as can be observed at the bottom left panel of Fig.7 [47] . The presence of these poles in Leaver's continued fraction may lead to numerical issues when approaching the extremal limit.
In Appendix B we tabulate various QNM frequencies in NEK. We calculated these QNMs to 16 digits of precision using the method described in Sec.III. Fig. 4 shows these NEK QNMs . Our NEK QNM values for s = −2, = 2 agree with those in [44] to the following typical number of digits of precision: 7 (worst was 4 digits) for m = 2; 10 (worst was 7 digits) for m = 1; 5 (worst was 3 digits) for m = 0. As stated in [44] , however, the QNM values contained there are unreliable in NEK ("roughly, when a/M ≥ 0.999"), where no error bars are given. We note that, for the cases that we calculated the QNMs for, Ref.
[44] seems to provide values only for DMs 9 . The exception to that is the case where no DMs exist, which is that in Table II For m = 0 we noticed that the values of the real part of the ZDM frequencies were below the precision we used in the calculation every time as we increased that precision (to even 32 digits). We thus do not provide these values in the m = 0 Table III.
B. TRMs in NEK
Apart from the QNMs, there is another interesting set of modes worth considering. Totally reflected modes (TRMs) correspond, physically, to waves with no transmission and, mathematically, to a singularity in both B Ref. [81] derived the following exact expression for TRM frequencies in sub-extremal Kerr
where n = 0, 1, 2, . . . These frequencies coincide with the poles of the factor Γ(1 − s − 2i + ) in Eq.(3.14), which we removed from the Wronskian precisely with the intention of avoiding its poles. Note that the difference between the TRMs and the QNMs, which asympote as in (5.1), is only to higher order in the asymptotics (for the specific case of m = 0 in NEK, this had already been noticed in [77] ). Fig.6 shows that the TRMs and QNMs are coming closer together as we increase the value of a. When a = M an infinite amount of both types of modes accumulate and mix in such a way that a finite discontinuity (BC) is formed. We investigate this feature in the next section.
VI. BRANCH CUTS
In this section we first investigate the presence of BCs in the complex frequency plane and afterwards the formation of the superradiant BC.
A. Search for branch cuts
In order to start the investigation of the presence of BCs we plot both the absolute value and the phase of the Wronskian when taking a loop around a certain frequency. That is, we calculated the Wronskian for ω = ω 0 + Re iφ , given some frequency ω 0 ∈ C, radius R > 0 away from it, and varying the phase φ : 0 → 2π. The discontinuity of the Wronskian at some φ would indicate a BC, possibly stemming from ω 0 (branch point).
We performed such loops in many instances. For example, in Fig.5 we plot the Wronskian for s = = m = 2 in subextremal Kerr when going around the origin: ω 0 = 0 and R = 1/M = 2. For this mode, the superradiant bound frequency is M ω SR ≈ 0.2679 and the particular Hartle-Wilkins frequency (see App.A 1) is M ω HW ≈ 0.2679 + 0.2320i. Therefore both of these frequencies lie inside the circle that we take around the origin. The only discontinuity that we find is near (or at) the phase φ = 3π/2. This discontinuity corresponds to the wellknown BC from ω = 0 down the negative imaginary axis [19, 22, 61] 10 . We also note that somewhere in the fourth quadrant there is a steep structure (though not an actual discontinuity), which will result in the superradiant BC in the extremal limit. We also did similar plots of the Wronskian around the origin for other modes and we found the same qualitative features: (i) there is a BC down from ω = 0; (ii) there is an indication that an extra BC from ω SR is forming as a approaches M .
We carried out a similar search for BCs in the extremal case. We found BCs down from ω = 0 and ω = ω SR and no other BCs. We anticipated the existence of the BC down from ω = ω SR in Sec.II. In the next subsection we show how this BC is formed.
B. Formation of superradiant BC
Using asymptotics for the QNMs as a → M , indications were found in [14, 15] that the ZDMs in NEK accumulate towards the superradiant bound frequency so as to try to form a new BC down from ω = ω SR . We already saw this accumulation of ZDMs in Fig.4 .
The above indication of formation of a superradiant BC is illustrated more clearly in the 3D plots of the absolute value of the Wronskian in Fig.6 , where we increase a = 0.95M → 0.99M → M . Fig.6 clearly shows how, in NEK, a series of TRMs (i.e., poles of the Wronskian) appear near a series of ZDMs (which are QNMs, i.e., zeros of the Wronskian), thus yielding a steep structure in the numerically-calculated Wronskian. We already spotted this steep structure in the fourth quadrant in Fig. 5 . As a increases, the series of TRMs and the series of ZDMs are seen to approach each other, in agreement with Eqs.(5.1) and (5.3). This approach ends up yielding a BC discontinuity stemming from the (branch) point ω = ω SR in the actual limit a = M . This superradiant BC in extremal Kerr can be seen in Figs.7, 9 and 10, which contain a contourplot version of Fig.6c as well as similar contourplots of the absolute value of the Wronskian for other modes. The superradiant BC is also manifest in the phase of the Wronskian in extremal Kerr as shown in Fig.8 for a sample of modes. The BC is clear in Fig.8a for m = 2; in Fig.8b for m = 0 the BC can be readily inferred from the symmetry (3.17)
11 ;
10 We note that we did find discontinuities in the MST coefficients an which do not correspond to the BCs from ω = 0 or ω = ω SR -see [82] . However, these discontinuities can be traced back to discontinuities of ν which can be ruled out on "physical" quantities such as the Wronskian, on account of the symmetries of the MST equations. This is corroborated by our plots of the Wronskian. 11 For m = 0, due to the symmetry (3.17), the BC is only in the Fig.8c for m = −1 has no BC for Re(ω) > 0 but we include it for completeness. With red dots we indicate the QNM frequencies. One may see that the variation of the values of the phase along a loop around a QNM is precisely that corresponding to a simple zero of W Λ , and so to a simple pole of 1/W Λ , ie, a QNM. We investigate poles in extremal Kerr in the next section.
VII. QNMS AND SEARCH FOR UNSTABLE MODES IN EXTREMAL KERR
In this section we investigate poles of the Green function modes (i.e., zeros of the Wronskian) in extremal Kerr. These poles may correspond to either QNMs (if they lie in the lower complex-frequency half-plane) or to exponentially-unstable modes (if they lie in the upper half-plane).
A. QNMs in extremal Kerr
We here turn to the QNMs in extremal Kerr. The condition in Eq.(5.2) (which was given for NEK but carries over to extremal Kerr) differentiates between two different regimes: presence of DMs when F In Figs.7, 9, 10 and 11 we plot the absolute value of the full Wronskian 12 (2.5) in the complex-frequency plane for m ≥ 0. In Fig.7a we can see, for s = 0 and = m = 2, for which F 2 s < 0, two isolated QNMs frequencies appearing to the right of the BC, which correspond to DMs. In Fig.7b for s = = m = 1, for which F 2 s > 0, there are no DMs 13 nor, within the analyzed region, NSDMs. In Figs.9 we investigate the modes = 2 and 0 ≤ m ≤ 2 for s = −2. It is F 2 s < 0 for m = 0, 1 and F 2 s > 0 for m = 2. Correspondingly, we observe DMs (again to the right of the BC, i.e., satisying property (i) in Sec.V A 1) for m = 0, 1 and no DMs for m = 2 in the analyzed region of the complex-ω plane. In the case m = 2, however, we do observe a NSDM, which is just the extremal limit of the corresponding (n = 5) QNM in Fig.3 in [43] . For m = 0 there is an accumulation of QNMs at ω = ω SR = 0 in NEK (see Fig.4a ), leading to a BC along the negative imaginary axis for the phase (but not the absolute value, as noted in footnote 11) of the Wronskian in extremal Kerr (Fig.8b) . For m = 1 we can phase of the Wronskian, not in its absolute value -this is similar to what happens to all modes in Schwarzschild space-time [20] . 12 There is no need to plot a Wronskian factor -instead of the full Wronskian -because here the TRMs (which complicated the numerics in NEK) are absent (see Eq.(5.3)). 13 In this case, the condition µ < µc for presence of DMs does not work, but that is not a problem since this condition is in principle only valid in the eikonal limit.
see a BC that is formed from the accumulation in NEK of QNMs and TRMs -see Sec.V B.
The previous plots are contour plots. In Fig.11 we plot the cases in Fig.9 as 3-D plots instead. These show not only the cut and DM structure but also the behaviour of the Wronskian as k → 0: zero for m = 1 and 2 and divergent for m = 0. The vanishing for m = 1 and 2 is in agreement with Eq.(3.25), since it is s = −2 and, respectively, ν c ≈ 1.42 and −1/2 + 2.05i for these modes. The divergence for m = 0 is clearly in agreement with Eq. (3.27) . Similarly, Fig.6c shows that the Wronskian diverges as k → 0 in this case, also in agreement with Eq.(3.25), since it is s = 0 and ν c ≈ 1.71.
Another mode for which we observe a NSDM is the case s = −2, = m = 3 which we plot in Fig.10 . This is a mode with F 2 s > 0 and it lies to the left of the BC (i.e., the opposite of property (i) in Sec.V A 1).
In Fig.12 we deal with the distinct case of negative m: modes for s = = 2 and m = −1 and −2. In these cases and for Re(ω) > 0, there are no BCs (their superradiant BCs stem from ω SR < 0) and there are the "standard" QNMs. The QNMs in this figure are to be compared with the corresponding ones in Fig.3 in [54] -visual agreement is found.
In Appendix C we tabulate various QNM frequencies in extremal Kerr, calculated using the MST method of Sec.III to 16 digits of precision. These extremal Kerr QNMs are to be compared with the data in [42] . Our extremal Kerr QNM values agree with those in [42] to all digits of precision given in [42] ; the frequencies in [42] are given up to a maximum of 7 digits of precision, whereas we give them up to 16 . We note that [42] only provides QNMs for overtones n = 0 and 1, whereas in App.C we provide new QNM values up to higher overtones (up to n = 6). Importantly, we give the value for the most astrophysically relevant s = −2 QNM: = m = 2 in table IX, as well as for = m = 3 in table XII, neither of which was previously given in the literature, to the best of our knowledge.
B. Search for unstable modes
If the modes of the retarded Green function possessed a singularity on the upper frequency half-plane, that would indicate a linear instability of the space-time [41] . In principle, such a singularity could be a branch point or a pole (i.e., a mode with no incoming radiation).
Detweiler [41] showed that there exist no modes with no incoming radiation in the upper plane in the case of scalar perturbations of extremal Kerr. Later, Aretakis [38] proved the decay of the full scalar field in the axisymmetric case on and outside the horizon; [39] proved similarly for axisymmetric gravitational perturbations outside the horizon. On the horizon, it has been shown in [36, 37] that the branch point on the superradiant bound frequency leads to the so-called Aretakis phenomenon [33, 34] . In its turn, the branch point at the origin leads to a late-time decay in the field [16] , as otherwise expected. It therefore seems that it has not been proven that the Green function modes with m = 0 do not possess singularities in the upper complex-frequency plane.
For scalar perturbations and a ≤ M , Ref. [41] gives bounds on the real and imaginary parts of the frequencies of potential modes in the upper plane possessing no incoming radiation. In particular, the real part should lie within the superradiant regime . Ref. [42] and, in the case of scalar perturbartions, also [41] , numerically looked for modes with no incoming radiation in the upper plane of extremal Kerr and could not find any. Here, we report that we also looked for modes with no incoming radiation in the upper plane of extremal Kerr and did not find any, thus confirming the results in [41, 42] . Examples of the search are the already mentioned Figs.7-12 , where we went up to 2M Im(ω) = 1. These figures also show that there are no "physical" branch points in the upper plane for these modes, thus complementing the investigation in Sec.VI A.
Finally, we note that the result in [79] that no poles can lie on the real axis for a < M together with the fact that there cannot be a pole at the branch point ω SR [36, 83] provides an argument -although not a rigorous proofthat no poles cross the real axis as a increases from 0 to M and so for the absence of poles in the upper plane in extremal Kerr.
VIII. CONCLUSIONS
We have carried out a thorough spectroscopic investigation in extremal Kerr space-time as well as in nearextremal Kerr. We have calculated the superradiant amplification factor and quasi-normal modes and shown the formation of the extra superradiant branch cut. Our results provide a corroboration of the MST method developed in [16] and of the results in [42] . Our tabulated values for quasi-normal mode frequencies signify an extension in both the accuracy and in the type of modes tabulated in the literature ( [42] for extremal Kerr and [44] for near-extremal Kerr), including the astrophysicallyrelevant quasi-normal mode for −s = = m = 2 in Table XII . Furthermore, we searched for both poles and branch points in the upper frequency plane in extremal Kerr and report that we did not find any, providing further support for the mode stability of extremal Kerr off the horizon. We also gave an argument for the absence of such poles.
A seemingly open issue is finding a condition for existence of quasi-normal modes with a finite imaginary part in (near-)extremal Kerr as well as determining the number of such modes. In particular, the condition Eq.(5.2) misses quasi-normal modes with a finite imaginary part (the ones which we have called non-standard damped modes), as seen for the particular cases of s = −2 modes with = m = 2 and 3. On the other hand, we have found no quasi-normal modes for s = = m = 1 within the large region in the complex plane which we have considered, although of course that is no proof that there exists no mode outside that region.
In terms of astrophysics, it will be interesting to obtain, in the future, the gravitational waveform due to a particle inspiraling into an extremal Kerr black hole 14 , and compare it to the results in [8] for a near-extremal black hole and to the results in the near-horizon extremal Kerr geometry [85] .
Hod frequencies
In Sec.V A 1 we gave the generally accepted picture of DMs and ZDMs. However, it was argued by Hod [86, 87] (based on the analysis in [14] ) that DMs also exist for µ ≥ µ c as long as a is sufficiently close to M . For example, for s = = m = 2, [86] predicts DMs at
where n ∈ Z + . However, Refs. [48] and [42] , carried out a numerical search for these DMs in, respectively, NEK and extremal Kerr, and did not find any. Similarly, we carried out a numerical search in extremal Kerr for these DMs for n = 2 using a grid of stepsize ∆ω r = ∆ω i = 10 −6 along the directions of both the real and imaginary parts of the frequency and we also found no evidence of the presence of such DMs.
Algebraically-special Frequencies
Gravitational (|s| = 2) perturbations of black holes admit frequencies for which the radial solution for spin s (either s = +2 or s = −2) is the trivial solution whereas the radial solution for spin "−s" is a non-trivial solution. These frequencies are the so-called algebraically-special (AS) frequencies [55, 56] .
The AS frequencies satisfy the following equation [56, 72] :
where λ ≡ λ Λ | s=−2 . The left-hand side of Eq.(A3) is the so-called Teukolsky-Starobinsky constant, which serves to relate (radial and angular) solutions for spin s to solutions with spin "−s". The radial solutions at AS frequencies can be found in closed form [56] and, for a > 0, they correspond to totally transmitted modes (TTMs), i.e., modes with zero reflection coefficient [72] . For a = 0, the AS frequencies are given by "−i( −1)( +2) (( − 1)( + 2) + 2) /6" [72] . As a increases, not only the AS frequencies move away from the negative imaginary axis for m = 0 but also a family of QNMs stems off from the AS frequency at a = 0 [72] .
Here we solve Eq.(A3) numerically and plot the result in Fig.13 . From Eq.(3.15) it follows that the AS frequency for "−m" is equal to that for "+m" after changing the sign of its real part, as reflected in Fig.13 . The case for = 2 was already plotted in Fig.7 [88] , with which our Fig.13 agrees. We also compare the numerical values of the AS frequencies with the small a/M expansion in Eq.7.26 [72] , and here we give the values of the AS frequencies for extremal Kerr for s = −2, = 2 and m = ±2: 2M ω ≈ ±1.26369 − 1.14328i.
Appendix B: Tables of Quasi-Normal Modes in NEK
In Tables II-V is not straight-forward and we only compared a few overtones in common, for which we found agreement up to around 7 digits of precision. We believe that here we provide all QNM frequencies up to the overtone indicated (and so we provide new frequencies not already in the literature) to 16 digits of precision.
The QNMs in Table II are plotted in Fig.4c ; the ones in Tables III-IV In Tables VI-XII we provide the numerical values of QNM frequencies in extremal Kerr (i.e., a = M ) to 16 digits of precision. We note that, for each table, we provide all the QNM overtones which we found in the analyzed region (which is the region plotted in the figures).
Some values here should be compared with values in [42] ; we found agreement to all digits given in [42] , which is up to 7 digits. Here we also provide new QNM values.
The QNMs in Table VI Table XII is indicated with a red dot. 
